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i ) .
3 9 The worked example below illustrates a method for finding the s uare roots of a ANSWERS
given complex number. :

1. (@) z=-1124 (b) z=2+3i (©) z=114i
Worked Example (d) z=-242i (e) z=2%i () z = 13
Figd the square roots of 512/ .~ - -
(g) z=115 (h) NHtw‘wz«‘.\. ) =15
Solution S ‘ . 2 (a) 547 by =13 +5i (€ 1014 (dy —2+16
let x -+ vi be a square root of 5—12i, where x and y are real numbers. (e) 10-5i ® 394 23i (8) 11-7i (h) 25
Then (x+yi) =5-12 O T+i ) 32-7i () 1-7i ) 113
= (x4 y)(x+y)=5-12 (m)5 {n) 3-4i (o)  —4+3i p 78
. x? ¢ 2xyi+ Rt =512 (q) - 3+i () S4124 (s) T+i (1) -8-6i
2 e : (u) -4
= X"+ 2xpi—y =5-12
= (7 -y 2xpi =512 3. (@) ~3+4i Ly 112 (©)  —7-24i
1 B
Equating real parts = P -yt=s5 Q) 4 (a) 147 by 6-2 () 2~ d) 3-4
Equating imaginary paris =  2xy=-12 ... @ (e) 4+i (B 1+4i ® (hy i
.9 13 . 12
) B ey ~1+i Ky o4 1 V420
e M —+i 0 SR )
2) > == 3) 4+ 03 LS 17 5012
2x x } m)— F—i A 5 -t
( vm 5! (n) Y (o) 575! ®) TRt
6\’ (@) 1-3i (r) ~3-2
Substitute in (1) = x? \h\\ =
\ x 5 (a) 7+i (b) /i (c) —2-2i (d) 6+8i
)
2 2 9 32 11 34 7 04
= x‘——F=35 Aka Wi i [ T
: x (e) 5 , 5 ! ® 2 NN ® 25 m,ﬂ ™ 25 GN
! =  x'-36=5" Lo 15 .
= x-S’ -36=0 e U B
= (xF —9)(x*+4)=0
2 _g- LA 2 301 3 6 3 2 3 9 4
= x°'-9=0 or x +4=0 6. () —=-—~—i, u.H\L\: S AR
- ¥'=9 or x'=-4 3+ 3 3 2+i 5 5 3+ 241 5 3
2 3 9 4
, ) o =
But x is a real number, so x* # ~4. 3+i 240 5 3
Hence x* =9 = x =13
4 a-+bi
; ) i
6 b—ai
Substitute x =3 in(3) = V= \w =-2
. 6 | B N 1. . 3 7.
Substitute x = -3 in(3) = kHJA‘&HM , 8. (a) z= ~+ N\ (b) z2=9-Ti (c) z=—A M~
! \ , 2
i d) z=11+3i
So the square roots of 5—12i are 3—2i and -3 +2j. ! .
‘ : : . 9 (a) 244, —2—i by  dti, —4-i (©)  t+3i, —1-3
~24)* = 5-12i and (-3 +2§)* =S~ 12i 3 i i u
[You may verify that (3 - 2/) 12i and (-3 +2i)" =5-12i ] (d)2-i, -2+i (e) S_ i ~Sui ® Vidi —3-di
(8) 5+2i, ~5-2i (hy 1, —1-i

Nqw repeat this method to tind the square roots oft
(a) 34 (b)  1548i () -8+6i (d 3-4i
(¢) 24-10i (h  —7+24i (g)  21+20f hy 2




ADVANCED HIGHER MATHEMATICS

2

(we)

h

=1

COMPLEX NUMBERS 2

THE MODULUS AND ARGUMENT OF A COMPLEX NUMBER

Represent each complex number below on an Argand diagram, then find the
modulus and argument (to the nearest 0.1° where necessary) of each.

(a) 1+i (b)  3+4i (c  —5-12 (d 3-2
(€) 3 +i ) —7+724i () —4-3 (hy 1-i
iy -3+5 () 1+3i (k) 2-2i (1) —4+1
(m)4+2i (n)  —1++3 (0y  ~20+i)  (p) 15-8
(Q) -3++3 () 33+5 (s) 2346 ()  —1-i

(a) Noting that 27 = 0+ 27 represent 2/ on an Argand diagram and then write
down the modulus and argument of 27 (no calcuiations should be necessary).

(b) Noting that 4 =4 - 07 | represent 4 on an Argand diagram and then write
down the modulus and ateument of 4.

(¢ Find the modulus and argument of:

(iy —3i Gy -5 () i vy V2 (v 1
-1 . ,
(a) Express [P in the form x + y7, where x and y are real numbers.
i
1-7
(b) Hence find the modulus and argument of T
; .

{(a) Express i/{1+/) in the form x + yi, where x and y are real numbers.
{(b) Hence find the modulus and argument of i{1+/) .

(a) Express (1-2/)(3 /) inthe form x+ )7, where x and y are real numbers.
(b} Hence find the modulus and argument of (1+2/}3 —1i).

7—i . )
y in the form x + y7 , where x and y are real numbers.
7

-
(a) Express 3

-

) R -1
(b Hence find the medulus and argument of — py
D> 4

.
i _ .
— in the form x + 7, where x and y are real numbers.

S = f

{a) Express

1+71

43

{b) Hence find the modulus and argument of

(3+#y

{a) Express in the form x -+ vi, where x and v are real numbers.

—1
P . . e T e
{b)y Hence find the moduius and argument {to the nearest 01°) of ——

P—



D

[S]

wn

o

©o

(g) r=5,0=-1431°

() r=+34, 6=1210°
(k) r=242, 6=-45
(m)r =245, 6=266°

(@ r=2v3., 6=150°
(s) r=443. 8 =60°

(a) r=2, 8=90°

(c ) r=3,6=-90°
(i) r=1, 8=90°
(vy r=1,68=0°

(a) —1 (b)
(@) —1+i (b)
(a) 5+5i (b)
(@) 1+i (b)
(@) 1+i (b)

(a) 7+1i {b)

ANSWERS

(b)
(d)
()
(h)
),
)
(n)
(p)
{r

(1)

(b)
(1)
(iv)
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ADVANCED HIGHER MATHEMATICS

COMPLEX NUMBERS 3

" MULTIPLIC ATION AND DIVISION OF COMPLEX NUMBERS IN PGLAR

S

J

L

FORM

Let z=2(cos70°+isin70°) and w = 6(cos30°+isin30°) .
Express m the form #(cos@ +/sin6):

“~

(a) zw (b) ‘ (c) =’ {(d) w?

W

Let z = 8(cos140°+isin140°) and w = 4(cos 60°+7 sin 60°} .
Express in the form r(cos@+isiné):

z 2 4 . W’
(a) ow (b) — {c) zTw” (d) —
W =
Let == 4(cos30" +75in30°) and w = v2{cos(~20°) +/sin(-20°)} |
Express in the form r(cos# +7sin8):
(a) ow (b) = (c> Zw (d) -
W M

Let p =6(cos80°+isin80°} . ¢ = 2(cos50°+i sin 50°) and 7 = 4(cos20°+i sin 20°)
Express in the form r(cos#+isiné):

@ pg w £ © 4
q
P ) P
(e) — () par e
qr q

Let u = 9(cos60°+isin60°), v = 3{’005{} 15°) +isin(—15° 15 and
w = v3(cos45°+H sin 45°)
Express in the form r(cos@+/siné):

1 . u'w

(a) ww ®) - © W (&

-

¥V



0

Ll

(a) 12(cos100°+isin100°)
(¢) 4(cos140°+isin140°)

{a) 32(cos200°+isin200°)
1024(cos400°+i sin 400°) *

(a) 4+/2(cos10°+isinl0°)

(&) 16+/2(cos40°+i sin40°)

(a) 12(cos130°+isin130°)

(c) 4(cos100°+sin100°)
3 .

(e) —(cosl0°+isin10°)

(g) 18(cos30°+isin30°%)

(a) 3+/3(cos30°+isin30°)
(c) 3(cos90°+isin90°)

ANSWERS

(b)
(d)
(b}
(d)
(b)
(d)
(b)
(dy
M

(b
(d)

1
—{cos40°+isin 40°)
36(cos 60°+i sin 60°

2{cos8G°+7 sin80° )
8(cos40°+751n40°)

242 (cos 50°+7 sin 50°)
2(cos70°+isin 70°)

3{c0s30°+isin 30°)
64{cos60°+ sin 60°)

48(cos150°+isin 150°)

3(cos 75%+ sin 75°)

9+/3(cos195°+i 5in 195°)
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) )
K15 leta=1y V3 b=1+iand c=/3+i. 11z = 2(cos60%+isin60°), w = 2{cas(~30°) 1 isin-30°)},
(@) 2'w=12803+ 128 |=128(S3 1)

Express a, b and ¢ in polar form.

Hence express in the form x + 37, where x and y are real numbers: ) z* 1
= ; ) Sy =i
Ca'h? a'b® a'b’? ) a’ atb® b* woooo8
(@ = ()~ @ W5 ) =5 (O -55 . o .
12. z = 4(cos30°+isin30°), "w = 2(cos60°iisin60°);
@) 2'w' =512J3 512 [~ 512(/3 - |
+
¥4
®) =223 [=20-1140)
w
ANSWERS 13. z = 2(cos30°+isin30°), w=+12 ?oi,LmJ iu.:zl_wci ;
X (a) 2% = 5121 512430 [= 512004 V3]
1. z=2(cosb0”tisin 60°); (a) 2% =64 ,
by 2 =-8-8d% [= 801+ 3] ®) 3 [= 201+ 430
2.z =2(cos30°1isin30%); (a) 2’ =8i 14, z = 2(cos150%+i sin 150°), w = J2{cos(~45°) risin( 45°)} 5
() 2t =-16¥3 1160 |=16(-¥3 ri) 2
— ﬁ (a) 2w’ = 128 +128i [= 128+ 1)) by =2
W
3.z = d4(cos60%tisin60°); (a) 2 = -64
(b) 25 = 51251243 T 512(1— /\w&_ 15. a =2(cos60°+isin60°), b= J2(cos45°+isin45%), ¢ = 2(cos30° +i sin 307)
‘ @b’
. @
4 z=2(cos120°+isin120%) 4
- Ao X = (3
5. z=2{cos(-45°) + fsin(-45°)} ; =848 [=8(1+5) ® 16 16" [T e V
) . — =1
6. z=2J2(cos454isin45°) ©) et !
5
a ) .
7. z=2(cas30°isin30°) : (d) o =43 EERRED]
i} () LA
: o143 ! - © AT
8 z=2(cos60°isin60?); Seatal |TadF V3i) Mu H
® a2t s

9. z=2(cos60°Hisin60%), w=2(cos30%+/sin30°);

(@) 2w = 643 - 641 [=64(43-1)]
) u\ c—a-a3i =40+ 50

W

10.

z = 2(cos120°+isin 120°),  w = 2(cos30%H sin30%);
: s
() 2w = 5120 (h) = AT A T ,im\ﬂv_
=203+ 2L
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COMPLEX NUMBERS 3

ROOTS OF COMPLEX NUMBERS

Find all the roots of each of these equations, expressing each root in the form
r{cost +isinf) Show all the roots on a single Argand diagram in each case.

(a) z* =3 +i (b) 2t =2+4243 (c) 2= 1+ 43
(d) z* =i () z*=2v2-2Y21 () =8 3-8
~ 11 _ ; |
(¢) 27 = 243 +2 () 2= G =
Ve V<

Find all the roots of each of these these equations, expressing each root in the form
r(cos# = isin ). Show all the roots on a single Argand diagram in each case.

(a) 2’ =4v2+42i (b)) P =4-a3 () =g
(d) z* = -8+83i (e) z*=-81 . (H 2 =16/3+16
2 =162 -16v20  (h) =32 i =64

() 2° =322 +32472

The cube roots of unity are the three roots of the equation z°> =1 .
Find each of the cube roots of unity in the form r(cos® +7sin g) and show the

cube roots of unity on a single Argand diagram,

P

Find each of the cube roots of the complex number —4+/3 « 4/ in the form
r(cosf +isind) and show the roots on a single Argand diagram.

[Start with the equation z* = —4+/3 + 4/ ]

Find each of the square roots of the complex number 18 +18+/3/ in the form
r(cos@+isin§) and show the roots on a single Argand diagram.

[Start with the equation z% = 18 + 18+/3i ]

Find each of the fourth roots of — 16 in the form r(cos@ +isinf) and show the
roots on a single Argand diagram.
[Start with the equation z* = 16 ]

Find each of the fifth roots of the complex number, / in the form r(cos@+/sinf)
and show the roots on a single Argand diagram.
[Start with the equation z° =/ ]



)
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ANSWERS
(@) z, = V2 (cos15°+isin 15°), z, = V2 (cos195°+isin 195°)
(b) z, = 2(cos30°+isin30°), z, =2(cos210°+/sin210°)
(c) z, = ﬁ(cos 60°+isin60°), =z, = \/E(c052400+1' s1n240°)
(d) z, = 3(cos45°+isin45°), z, = 3(cos225°+isin 2257)
(e) z, = 2(c0s22.5°+i5in225°), =z, = 2(cos202.5°+/sin202.5%)
() z, = #{cos(~15°) +isin(~15°)} | z, = 4(cos165°+isin165°)

(g) z, = 1(c0s225°+isin225°), z, = 1(c0s202.5°+ sin202.5%)

(h) z, = 2{cos(—45°) +isin(-45°)} , z, = 2(cos135°+isin135°)

(a) z, = 2(cos15°+isin15%), z, =2(cosl135°+isinl35°),
z, = 2(cos255°+i sin 255%)
(b) z, = 2(cos20°+isin20°), z, = 2(cosl40°+isin140°),
z, = 2(cos260°+i sin 260°)
(¢) z, = 2(cos30°+7sin30°), z, =2(cosl150°+isin150°),
7, = 2(cos270°+151n270°)
(d) z, = 2(cos30°+isin30%), =z, =2(cos120°+isin1207),
z, = 2(cos210°+i8in210°), z, = 2(cos300°+i sin300°)
(e) z, =3(cosd5°+isin45°), z, =3(cos135°+isin135%),
z, = 3(cos225°+isin225°), =z, =3(cos315°+isn315%)
(f) z, =2(cos6°+isin6°), z, =2(cos78°+isin78%),
z, = 2{cos150°+isin150°) , z, = 2{c0s222°+is1n222°),
z5 = 2(c0s294°+i sin 294°)
(g) z, = 2(cos9°+isin9°%), =z, =2(cos81°+isin81%),
z, = 2{cos153°+isin153°), z, =2(cos225°+isin225°%),
z, = 2(cos297°+isin297°)
(h) z, = 2(cos0°+isin0°), =z, =2(cos72°+isin72°),
z, = 2(cos144°+isin144°), z, =2(cos216°+isin216°),
z, = 2(cos288°+isin288°)
(i) z, =2(cos15®+isinl5®), =z, =2(cos75°+sin75°),
z, = 2(cos135°+isin 135°), z, = 2(cos195°+/sin195°) |
z, = 2(c0s255°+i sin255°), =z, = 2(cos315°+isin315%)
() z, = 4(cos45°+isind5°), z, =4(cosl65°+isin1657),
z, = 4(cos285°+isin 285%)

b

,
z, = Kcos0°+isin0%), =z, = l{cos120°+isin120°), =z, = 1(cos240°+isin240°)
z, = 2(cos30°+isin50°), z, = 2(cos170°+isin170%), z, = 2(cos290°+ sin290°)
z, = 6{cos30°+/sin30%), =z, = &{cos210°+isin210°)

z, = 2(cos457+isin45%), z, = 2(cos135°+isin135%), z; = 2(cos225°+i 5in 225°) ,
z, = 2(cos315°+isin315%)

z, = Heos189+isin18%), =, = 1(cos90°+isinG0%), z, = l(cos162°=isin 162°)

o, = Hcos234°+isin234°) . z, = 1{cos306°+ sin3067)
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28.

30.

31

33.

34

(a) Show that z = 1 -2/ is aroot of the equation o3 vz v 72 -30=

(b) Write down another root.
{¢) Hlence solve the equation completely.

_(a) Show that z = —1 +/ isa root of the equation z' 827 4162 +20=0.

(b) Write down another root.
{¢) Hence solve the equation completely.

{a) Show that z = 1+ is a root of the equation 2t edz’ 8z 1420=0.
{b) Write down another root.
{¢) Hence solve the equation completely.

(a) Show that z =2 +  is a 100t of the equation z° —z" —7z+15=0
(b) Write down another root.
(¢) Hence solve the equation completely.

_(a) Show that z = 141 is aroot of the equation z' ~z” —z" 1 d4z-2= 0.

{b) Write down another root.
{¢) Hence solve the equation completely.

Find two distinct real roots of the equation z* ~3z” 4 52" —z-10=0_ and hence

solve this equation completely.

Find two distinct real roots of the equation z' - 7z° + 27z -~ 47z +26=10, and

hence solve this equation completely.

— —
ta
1l

~ v
e
1

9.

1L
13.
15.
7.
19.

21

[
([

3

S
It

Ty
|

23 (b)
24. (b)
25 (b)
26 (b)
27 (b)
28 (D)
29.(b)
30, (b)
30 (b)

32.(b)

2orz=1x/
forz=2%3i

4 or z=-1ki
20rz=-3+t-k

2 orz=1t2 .
2orz=-2%4

z=2+1
z=1-2i
z=1-3i
z=1+1
z=1+42
z=-1—i
z=1-1

=2

™

™
i
|

24
11
[+
orz=-3
(c) z
(c) z
(¢) z
{©) z
(c) z
(c) 4
(c) z
(c) z
(c) z
€y =
z=1+2
=243

ANSWERS

2 z=3o0rz=1%x2
4 z=-2orz=3k1
6 z=-lorz=—1%t3
8. z=lorz=2%L2
10. z=3orz=—tt
12 z= -2 orz=1434
14. z=ltiorz=1t2
16 z=213Forz=—112
18 z=1437 or z=2ki
20 z=-lkiorz=-321i
22 z=143i, z=20rz=

14§ or z =424

241 or z=—1%i

142 or z=-3

143 or z=-21%1

144 or z=-2472i

142, z=3orz=-2

—1+iorz=1£3i

1£ior z=-3Fi

24+iorz=-3
145

i orz=——7"—"



ADVANCED HIGHER MATHEMATICS

COMPLEX NUMBERS 7

TRIGON OMETRIC IDENTITIES

1. Write down the binomial expansion of (a +b)? |
Starting with c0s26 +/§in26 = (cos 6 + i sin §)°

(i) cos26=cos”G-sin’ @
(1) sin28 = 2sinfcos

, prove that;

Hence find an identity for tan26 in terms of tan @ .

2. Write down the binomial expansion of (a + 5)°.
Starting with cos3¢+4sin36 = (cos 6+ sin )

(1) cos36 = cos® @ -3cosOsin’
(i) sin36¢=3cos® Bsing —sin’ 4

, prove that:

Hence find an identity for tan 36 in terms of tan g

3. Write down the binomial expansion of (a + by*.

Starting with cos46 +isin46 = (cos 9+ i sin 6)*

(i) cos46 = cos* 6~ 6cos’ Gsin @+ sin* O
(11) sin46 = 4 cos’ sin @ — 4 cosGsin® &

, prove that:

Hence find an identity for tan46 in terms of tan & .

Also, make use of the identity sin’ @+ cos® &
entirely in terms of cos@ .

* 4. Prove that

=1 to find an identity for cos48

3-10tan® @ +3tan* @ )

,
tan69:2tan6'(
ANSWERS
1t 29—12@9 2
- n T 1-tan’ @ '

4tan® —4tan’ g _
1-6tan* @+tan* @’

3. tandé =

1-15tan® @+15tan* 8~ tan® @, -

3tand —tan® @
1-3tan’ @

tan36 =

cos4f = 8cos* 8- 8cos? G+ 1
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ANSWERS

1. ?cm{%n»_.m:;?wfm
4 2
3 1. 3.
2. ‘_.r.cU‘ P =—sin30+=—sinb+C
12 4
3. _.c:%%&%H\_‘\v_:a%Jr‘m{&:u%La Mmm:%+ﬁ
80 48 8
4. .?Omo 8do = i_lmm: 64+ WmE 44+ mmi 20+ .u\%+ C
192 64 64 16
- ., 1 1.
5. T_:.%&%Ht%\lm_:mmfrﬁ
2 4
4 | 1. 3 }
6. .TE gdf = —sindf——sin2é+-4+C
M 32 4 8
| s 1 5 5 .
7. .T_: Gdl = ——c0s50 +-—cos3f—-cosd+C
80 48 3
5
8. [sin® 06 = RPELIEYE 3 sindf-——sin60+ C
16 64 64 192
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COMPLEX NUMBERS HOMEWORK 1

Solve the equation =* + 10z +29 = 0 for the complex aumber =

Express in the form x + 7, where x and y are real numbers:

{a) (3+2)N1+44) zb) THZ0 {c; L+

A 52 | 5+i
9+ 71 8—1 T=+6i

RNIEETER) A A

Solve each equation below for the complex number = .

[ ]

(a) B+z=-1+i (b)

Find the modulus and argument of the complex number — 2+/3 + 6 .

Find the two roots of the equation z* — 6z + 16 = 0, expressing each solution in the
torm x + yi, where x and y are real numbers.

Find the modulus and argument (correct to the nearest 0.1°) of each root.

4
Express the complex number I in the form x + yi, where x and y are real

numbers, and hence find the modulus and argument of 1*
-1

Letz:—3+\/§i.

Express z in polar form and hence, or otherwise, find z* in the form x+ Vi,
where x and y are real numbers.

Let ::1+\/§i and w=1+i.

(a) Find the modulus and argument of z, and hence express z° in the form
r(cos@+isinf) for some values of 7 and 6.

(b) Find the modulus and argument of w, and hence express w® in the form
r(cos+isin @) for some values of » and &.

(¢) Using your expressions in (a) and (b) above, find in the form x - y7 , where x
and y are real numbers:

5..,6

{1 w (11) y







